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The Information in Contingency Tables -
An Application of Information-Theoretic Concepts
to the Analysis of Contingency Tables
by

(1) (2)

C. T. Ireland and S, Kullback

1. Introduction

The primary purpose of this paper is to present an exposition of the
methodology underlying the analysis of the information in contingency
tables., We shall stress the concepts, techniques, anaslyses and inferences
without entering into extensive technical statistical proofs or detailed
references to the bibliography at the end.

It is useful to note that we are concerned with an aspect of multie
variate (multiple variates) analysis with particular application to
qualitative or categorical as well as quantitative variables. The basic
data we deal with are counts in multiway cross-classifications or multiwvay
contingency tables. Multiway contingency tables, or cross-classifications
of vectors of discrete random varisbles provide a useful approach to the
analysis of multivariate discrete data.

As we shall see, the analytic procedures serve to bring out various
interrelationships among the classificatory variables in a multiway
cross~classification or contingency taeble in many dimensions. Classical

problems in the historical development of the analysis of contingency

(1)

(2)8. Kullback is Visiting Professor of Statistics.

C. T. Ireland is Professor of Statistics, George Washington University.
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tablzs coancerned thenselves with such questions as the independence ot
conditional independznce of the classificatory variables, or homogenaity
or conditional homogeneity of the classificatory varizbles over time or
space, for example. Sucia classical problems turn out to be special casas
of the techniques we shall discuss. These technigues result in analyses
which are esseatially regression type analyses. As such they enable us

to determine the relationship of one or more ''dependent" qualitativa or
categorical variables of interest on a set of "indepeadent" classificatory
variables as well as the relative effects of changes in the "independent"
variables on the 'dependeat' variables. In particular such problems as
the determination of possible factors and measures of their effect and
interactions in the representation of the logits of one or more
dichotomous variables lend themselves to the analysis we shall

examine.
The methodology is based on tne Principle of Minimum Discrimination

Information Estimation, associated statistics and Analyses of Informatioa.
General computer programs are available to provide the data for the

inferences.

2. Contingency Tables
We assume that the reader has some familiarity with cross-

classification$ in the form of contingency tables. We use a
slightly modified conventional notation. For example, for a
four-way contingency table, that is, one with four classifications
or varigbles, each of several categories, not necessarily the
same in number, we represent the observed number of occurrences
in the (ijkl) cell of the contingency table by x(ijkl), where
the indices i,j,k,l, range over the respective categories of
tne variables. The corresponding probabilities are represented
py p(ijkl). Summation over one or more indices, resulting in
various marginal distributions or marginals, is indicated by a
dot or dots, tius

; x(ijkl) = x(*jkl1), §§ x(ijkl) = x(i+k-), etc.,

i ]

witn a similar notation for the probabilities.
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Wwe shall denote estimates under various hypotheses or

models by x;(ijkl), where values of the subscript o will

range over the hypotheses or models.

An example of a 2x2 two-way contingency table is shown

in Taple 2.1.

= n

Table 2.1
o x(i)
j=1 _ j=2
s =1 TTRAD T x(12) x(1+)
i=2 x(21) g_ x(22) x{(2°)
| x(CD) x(-2) | x(ee)

The estimated two-way table under the hypothesis or model

of independence is shown in Table 2.2.

x(1l°)

x(2°)

Table 2.2
- x*(i5) ,
=1 5=2
i=1 | xoxen/mt xox-2/m ]
i=2 x(2+)x(1)/n ! x(2+)x(2) /n
| x(D) | T x(2)
3




A cownon statistical ucasure of the association or imteractioa
between the variablas of a two-vay 2x2 contingency table i5 thz crouss—
product ratio, or lts logovithw. The cross-product ratio is defined by

x(11)%(22)
2.1 x(12)x(21) °?

though we shall be more concerned with its logaritha

x(11)x(22)
(2.2) in X<
We shall use natural logarithms, that is, logarithms to the basa e ,
rather than common logarithms to the base 10, because of the nature of the
underlying mathematical statistical theory. Note that with the estimate
for independence, or no association, the logarithm of the cross-product

ratio is zero.
®x(L*)x("1l) x(2)x(-2)

XA (22) n n 1
@ T ey T " XD x@CD nrse
n n

The logarithm of the cross-product ratio is positive if the odds satisfy
the inaqualities

% (11) 5 x(12) or x(11) x(21)
x(21) x(22) tox(12) x(22) °

v

since tlizn we get for the loz-odds

<(11)x(22) _ x(11) _ x(12)
<D = P aon - o o

The logariLun of the cross-product r:tio is negative i{ taa odds satisfy
the iiequalities

x(11) < x(12) (1) | x(21)
00 S x@2) °F way T ey

since tnzn Lo n2t for (he log--odds

IS
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SRR <(21) C
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Pan Loesiton o Las croacosod et ratio Jles vacries from - ot Aw o,

LALOT 3 sttt congl Lo i nicaificance of the

doviatiors o0 the logaviciin of (oo cossi-nrofoce cacio {roa zero, tha valuz

caorra powding to oo bewociation or oo Iotovaction.

For the three-way 2x2x2 contingency table in addition to the
classic types of ndupendence, interaction or association, there
arises an additional one 1mportant historically and practically.

This is known as no three-factor

or no second-ordzr interaction. Yo three-factor or no second-ordar
interaction implies that the lugarithm of the association measured by the
cross~product raclo for aay two of the variables is tha same for all the
values of the third variable, that is, there is no s2cond-order interaction
if

x(111)x(221) _
x(121)%(21L)

x(112)x(222) C.
x(122)=x(212) * 4
)

x(121)x(222

in ¢n

(2.4) ‘u ;;—(Tll)i':(ZLl) = n

xAIV=22)
S (LL2)=(121) gh

Al i’ k

x(122)yx (221

One is coaczrnad with the nossivle uypothesis or odel of no
srcoad-order dnteraction uvien aone of the other rypes o indenzndence are
found. “lowaver, in this case, the correspondin; estimete cannot he ex-

1t

pressed erplinitly in terns of observad marginals althouph the estinate
is ceastroeined to have tiae same tvo-vay marginals as tha obsevwved tebla.
Strataht ovuard iteratise procedurces exist to detercine the estimate
uader the hypatihasis or adel of no second-order intoeraztion.  For the
aeneral {nree-way  russt contingency table there are of course maay rore
relations arony toe log cross-product ratios like (2.4) which nust be
satisfied, bul the dteralive procedures to detevmine the estitate aexrend

ro it gyl ocase rich oo ditticulte,
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For four-way and higher order contingency tables the problem of
presantation of the data increases, as do the variety and number of cues-
tions about relationships of possible interest and varieties of Interaction.
The basic ideas, concepts, notation and terminology we have mentioned for
the two~ and three-way contingency tables extend to the more general
cases as we consider the methodology. For some additional prefatory

remarks see Ku et al (1971).
3. Discrimination Information

To make the discussion more specific and with no essential restric-~
tion on the generality, we shall present it in terms of the analysis of
four-way contingency tables. Let us consider the collection of four-way
contingency tables RxSxTxU of dimension rxsxtxu . For convenience let
us denote the aggregate of all cell identifications by £ with individual
cells identified by w so that the generic variable is w = (i,j,k,%) ,
i=1,...,r, j=1,...,8, k=1,...,t, £ =1,...,u. Suppose there are
two probability distributioms or contingency tables (we shall use these
terms interchangeably) defined over the space Q , say p(w), T(w),

g plw) = 1, g m(w) = 1 . The discrimination information is defined by

w .
(3..1) I(p:m) = 3 p'(u)) n %‘%;% .

The basis for this definition, its properties, and relation to other
definitions of information measures will not be considered in detail in
this exposition. For the particular types of application to which wa

shall restrict this exposition the m-distribution, 7(w) , in tha definitfon
(3.1) according to the problem of interest may either be spacified, or it
may be an estimated distribution. The p-distributiocn, p(w) , in th:
definition (3.1) ranges over or is a member of a family of distributions

of Iaterest.

0f the various properties of 1I(p:7) we mention in particular the

fact that I(p:ﬁ)b> 0 and = 0 if and only if p(s) = 7(a) .




Shaeyveld distrivtroa end he approncictn estlivata sy UUo mindn

pLintal ion

dany problens in o the analysis of contimrirne canles may be charac—

toeris )

cooestiaalite o disteibetion o0 contiageacy tabl: sehjact to
certain re.traints and thea coaparing Lhe esiimatzl! tuedle with an obsarved
tabla to doterriine whather the observed tobdle satis{ies a null hypothesis
or mod:l implied by the restraints. In accordance with the principle of
nininuwa discrinivaticon informatioa estination we deterrmine that maaber of
tite collection or family of p-distributions satisfying the rastraints
which ainimizes the discrimination information [{(p:™) over all members
of the fanily of pertinent p-distributions. We denote the nininum dis-

P
crimination information estimate by p“(m) s0 that

(4.1) I(p*:ﬁ) =1 p*(w) in E}{ﬁ% = min I(p:v) .

Unless otherwise stated, the summation is over 0 which will b2 omitted.

In a wide class of problems which can be characterized as "smoothing”
or fitting an observed contingency table the restraints specify that the
estimated distribution or contingency table have some sat of marginals
which are the same as those of an observed contingency tabla. In such
cages T(s) 1is taken to be eicher the uniform distcibution W(ijkl) =
1/rstu or a distribution already estimated subject to restraints containad
in and irmplied by the restraints under ezamiratious. Th2 latter case
includes the classical hypothases of indopsndenca, conditional iadependaence,
homogenelty, conditional homogeneity and intevactien, all of which can be
considerad as instaances of geaeralized independance and will be considered
in soma datail in this paper, B8y gen2ralized fod:.. »nliance is ne2ant the
ot tiat th2 estimates may be expressad as a drocuct or factors which are

fuacicions of appropricce marginals. See Ku et al (1971).

5. linioun biscrininacion Information Statlistic

To ¢enst vhather an cbserved cortingency tabiz is conslstent uith
L2 null heoodasses or todel as reprosented by the ~inlinwn diserimination
iafarmaiion escinate we tompute a aaasuce of the devic lon hatunzn dha

inilaa anToroacion statistic.  Foo notarionarl conocaicace coa

7




conmialaocs converiones Tel s dain o foe e N SrLin e o tan e
L bor oo o oee el e by ..‘k(.,) HIT“(.) Lo s T riiast or

Pitiiag cloas of probloas, suat dn, iih ot restcotats Ienlicd vy oa st
ol ehocrued anrcinals {those of a geocvetizol 1o -0 e hypeilicsiu),

cho rdaioer disevimieccion infermation {000 10,) sratistic is

C

waich is asymntaticoily distributed as a ¥ witno appropriate degrees of

freedom und oy the pull uypotuesis.,

Tae statistic i (5.1) is also ninus tvice the logaritho of the
cluassic likelitood ratio statistic but this is not necessarily true for
other kinds of applictions of the general theory.

6. Minimum Discririvation Iuformation Thneorem

e now pres-qat o theorem whica Ls the basis for the principle of
winimen discrirminarior information estimation and its applications. We

sttill present it iu o Jorm related to the content of this discussion on

chie analysas of contiag ncy tavles.

Let us consider thie space 8 meationed in Section 3 and cthe dis-
crivication infornation introduced in (3.1).  Supposa oow, for esample,
thor there ace ticee linearly independent statistics ol interest defiaed

Jo2r the space 2,

o1y L) ’L’z(u)) , ’i‘,j(iu) .

Lemoas detorning the wvalos of 0 p(w)  woich minisizes Lo discrimincin:

D) i{p:o) = Z pGa) ia =

—
y—

y of p-daitribucions vidioo sacie”les Che vestraiats

- o—n
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LT, (, 2y =
L 'll(l)p(<) 81

|

6. ) £, ()p() - 8

b) T3(w)p(q) = 93

* x *
where Gl , 02 , 03 are specified values, and w(:) 1is a fixed distri-

bution.

If n(w) satisiics the restraints (6.3), then of course the
minimun value of  I(p:7) 1is zero and the nininmizing distribution 1is
%
p (W) = w(w) . More gencrally, the mininum discrimination information

theorem states that the minimizing distribution is given by

exp (TlTl(w) + rsz(u) + 13T3(m))ﬁ:n)
M(Tl,TZ,T3)

*
(6.4) P (w) =

where

(6.5) M(Tl,T2,13) = I exp (TlTl(w) + tsz(u) + t3T3(w))n(m)

. L .k
is a normalizing faclor so that & p (w) =1, and the <'s are para-

meters which technically are in essence undetermined Lagrange multipliers

* * *
whose values are defined in terms of 61 ’ 82 s 93 by
* 3 :
61 = E?I fn M(rl,12,13)
= b2 i r o w) M s
(L exp (rlTl()) + Tzlz(m) + r3T3( ))Tl(»)r(w))/l(rl,t2 13)
%
= 5T ()P (w)
L . ’
62 = 3}2 n M(11,12,13)
= (& exp (rlTl(u) + Tsz(w) + T3T3(w))T2(u)n(w))/H(Tl,12,13)
(6.6) %
= I T,()p ()
e =R g MGt T
03 = 31y P HGpT,ty)

]

(v exp(rlTl(m) + rsz(w) + 13T3(u))T3(w)n(m))/M(Tl.12,T3)

i

7c
T (w)p (w)
We can now state a aumbor of consequences of the preceding.

9
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*
We note first tht p (&) is a merber of an exponentinl family of
distriburions vencerated by w(w)  and as such has the desirable statistical
propertics of wenbers of an exponential faaily whilh inclade  all the

common and classic diotributions. We may lso write (6.4) as

P —in Y . ] T (a , T
(6.7 n I(Tl) 2,13) |3 rljl()) + rsz(w) + 1313( )

= I+ 11Tl(m) + Tzfz(w) + 13T3(m)
with L = -in H(L],Tq\ll) . The regression or log-linear expression in

(6.7) for n (px(ﬂ)/ﬂ(@)) with Tl(n) , Tz(m) , T3(u) as the explanatory

'(l B T? N T3

tant role in the analysis we shall consider.

variables and as the regression coefficients plays an inpor-

We note next that the minimum value of the discrimination information

(6.2) is

o * n* N n:‘c Q* on M( y
5.8 i vy oF T 8, T, 8, 7 B, - in T,37,5,T
C ) L(P / l l 2 2 3 3 \ .L, 2) 3
*, . . ' i
wiere the © 's are defined in (6.3) and the t's are determined to

catisf{y (6.6). Using the value in (6.7) it may be shown that if p(w) 1is

any wember of the family of distributions satisfyin: (6.3), then
. % %
(h.9) I(p:m) = I(p :7) + L(p:p ) .

The pythagorean type property (6.9) plays an important role in the analysis

af information tables.,

7. Cormpnrational Procedures

An "experiment' has been designed and observations mide resulting
in a nulti-dimensional contingency table with the desirced classifications
aad categories. All the information the analyst hopes to obtain from the
"experiment” is contained in the contingency table. In the process of
analy:is, the aian is to fit the observed table by a minimal or parsimonious

rumber of poaroncters depending ou some or all of the marginals, that is,

10
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to find
consinling ol setys o
concept of fndepends:
tablcs and the rvole
develupuonts in the
tables. Thus, the

ginals of interest.

7.1, The 70

f narpinals.  Indeed,

nce or oassociation and

interaction

conti

sot how wach ol this total informtion is contained in 4 summary

the relationship betueen the

ngency

the maerginals play is evidenced in the histerical

extensive literature on the analysis of contingency

8 ' in the preceding discussion will be the mar-

See Ku et al (1971)
_metions. The T(w)

functions

for the

RSxTxU

table turn out to be a basic set of simple functiors and their various

products.,  Thus, for

one-way marginal  p(

(7.1

since

(7.2)

T(w)

Similarly the

for example, is

T
(7.3 L,
since
(7.4) 5,

fhus for the rxsxtx

Finearl

(r-1)

(s=1) linecarl
(7.5)

(t-1) fivearl

(u~1) line.rl
since, for example,

T(w)

example, the

2...) is

Tz(ijkl) =1 for 1 =2

= { otherwise

function associated with the one-way marginal

(ijk%2) = 1 for k = 3

#

1

0 otherwvisc

p(ijro)

o table there ave

y independent functions
vy dicependent functions
y independent funceions

y independent functions

» any

.. R...
L op(ike) 12\1Jk2) = p{2...) .

, any

T )
TR = p(ll3l)

T?(ijk%),

1§(t;k;),
T
ry(ljkx),

(35K,

r
Lok Tg(ijkﬁ) = rstu .
:#]
11
-

Jsk,2

i,j,2

(=23

tunction associated with the

p(..3.) ,
,r-1
,5-1
,t=1
,U—l »




oo have adbitravily eccluded the funct oo covreepoading to w1,

B o= 8, v = Ly = ow o2 mabter L conveaicnce. we could have selected

w = 1,8 1,y =1,4 =1 or any other set of values,

The T(w) function associated with the two-way wmarginal p(l2..)
. S - I . . . LR
say, is Ty(iik?) tz(ijl) since from the definition of Iy(ijk«) and

S .
Tp(ijk«) it mav be scen that

(7.6) 18y 19 = 1 for 151, 5 =2, any k,t
= 0 ctherwise

and

(7.7) ¢ op(ijkn) TH(1ke) TS(ifki) = p(12..) .

For convenience we shall write Tﬁ(ijkl) Tg(ijkl) = Tff(ijkl) , etc., Thus
2 Qe
the T(w) function associated with any two-way marginal is a product of

two appropriate functions of the set (7.5).

Similarly the T(w) function associated with any three-way marginal
wili be a product of turee of the appropriate functions of the set (7.5),

for exanmple,

. R,.. T, .. UL
(7.8) £ op(ijks) T(ijki) Ti(ijki) TH(ijke) = p(2.13) .
5 : s
For convenience we shall write Ts(ijkﬁ) T:(ijk%) Tl(ijkﬂ) = Tfﬁr(ijklﬁ
wltoe,

Similarly the T(.) function associated with any four-way marginal
#111 be a product of four of the appropriate functions of the set (7.35),

for example,

: S, sy L, U,. ..., ‘
(7.9) £ op(ijke) THO13k8) T)(1jkE) TU(LjkD) THAjRE) = p(2112) .
, . R S,.,. T .. R § IR
For convenience we shall write fa(leL) TB(iJkl) Ty(ljkl) ré(ijku) =
LRSTU

adys

(ijk2)

12




s

Ve note that there are a total of

™
-
,
i

(r-1) * (s=1) + (t-1) + (u-1)

N, = (-1 (s-1) + (r=1)(e-1) + (r=1)(u-1) + (s-1)(t-1)
(7.10) ) + (s5-1)(u-1) + (t-1)(u-1)
VE, = (D D (6) 4 (D) (oD (1) 4 (r=1) () un1)
+ (s-1)(t-1)(u-1)
N[’ = (["l) (5"l)kt—1)(u.—l) ,

respactively, of the simple linearly independent functions and their

products two, three, four at a time, It may be verified that

(7.11) rstu - 1 = N = Nl + N2 + N3 + NA .

These values of the number of T(w) functions (or associated tau para-
meters) appear as appropriate degrees of freedom in the analysis of

information tables,

*
7.2. The Estimated p (v) Values. In the usual least squares

regression analysis procedure, one first computes the regression coeffi-
cients aund then gets the values of the estimates. In the methodology we
use we reverse the procedure. Instead of trying to obtain the values of
the 1's from (H.6) (which is possible) we shall {irst cbtain the values
ol the ustinmates p*(u) by a straightforward convergent iterative
procedure and then derive the values of the 1I's from (6.7). We shall
not discuss the details of the iteration herc, as they are in the computer
prograa and have been described elsewhere. The iteration may be described
as successively cycling through adjustments of the marginals of interest
starting with the si(w) distribution until a desired accuracy of agrea-
ment between the set of observed marginals of interest and the computed

marginals has been attained. See Ku et al (1971).

7.3. The 1t Values or Tuteraction Parameters. ¥From the definitions

of the T(w) functions in Section 7.1 it is clear that they take on only

the values 0 or 1 for each value of w . From the naturc of the T(w)

13
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rundtions the set of regression or log Lincar s pations (6.7 will have
some withh @ osingle o value which can be doternined.  Then there will be
¢ set with one additional unknown value and some of the t's  alrcady
determined.  These new wninown  t values can be then determined.  This
process of successive evaluation is carried on until all the values of

© are determined.  Theoy are also available as output of a general com-

puter program,

5. Grophic Kepresencarion

A useful graphic representation of the Jog-lincar regression (6.7)
is given in Figure 8.1 for a 2x2x2x2 contingency table. This is the
analogue of the design matrix in normal regression theorv. The blank
spaces in Figure 8,1 represent zero values. The (ijk2)-columns are the
cell identifications in the same lexographic order as the cell entries
for the estimates in the computer output. Column 1 corresponds to L
which is essentially a normalizing factor. Each of the columns 2 to 16
Cpresents the corresponding values of the T{w) functions, coluwas 2
to 5 those for the one-way marginals, columns 6 to 11 those for the two-
way marginals, columns 12 to 15 those for the three-way marginals, and
column 16 that for the four-way marginal. For convenience the coluuns
are also arranged in lexographic order. The tau parameter associated
with the T(..j function is givan at the head of the colunn., The tull
roooresentation with all the columns of Fijgure S.1 gencracos the observed

values, Thus the rows represent

(5.1) P LGS LI NN TE %113 R ril‘i(ijki) o+ ke

TR n-(LyR D) 11'1
B3k Ak, L. 5ki ijke,
P B T (R e Ty Ty (R

where n(ijk2) in the 2x2x2x2 case is 1/2x2x2x2 and the numerical
values of 1, and the taus depend on the observed values x(ijk2) . The
design matrix corresponding to an estimate uses only those columns asso-
ciated with the marginals explicit and implied in the fitting process.

Thie is a redlection of the fact that higher order marginals imply certain

14




‘ w 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
) Coen [t ]l
1111 (1 11 1 1 1 1 1 1 1 1 1 1 1 1 1
1112 1 1 1 1 1 1 1 1
11211 1 1 1 1 1 1 1
1122 1 1 1 J 1
1211 1 1 1 1 1 1 1 1
121241 1 1 1
1221 1 1 1 1
1222 1 1
21111 1 11 1 1 1 1
21121 1 1 1
212111 1 1 1
21221 1
- 22111 1 1 1
22121 1
} 222141 1
222211
Figure 8.1. Graphic representation.,
lower order marginals, for example, the two-way marginal x(ij..) implies,
by summation over i and j , the one-way margiuals x{.j..) , x{i...) ,
and the total n = x(....) . Thus the estimate based on fitting the one-way
marginals will usc only columns 1-5. The values of L and the taus for this
estimate will be different from those for x(ijk2) and depend on the esti-~
mate x’;(ijkl) : Thus if we denote the estimate based on fitting the one-way
marginals as xl(ijkl) , the representation in Figure 8.1 implies
*
(lnf}-(—l;lll-T];—l)-nL+ti+ti+tl;+ri
*
8.2 : : :
x;(222;1)
n " L.
l 15
_— ) - Py ' - o
| )
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the represcatation 1o the unftorg distribation corresponds to «oluan 1 only,
Note that fu oooerdance with /010) and (/.1
Nl -t b+ 1ot = 4 (columis 2 tu h)
NJ 1t b r bbbyl -6 (coluan 6 to 11)
N$ = 1+t 1 k! = 4 (colwma 17 to 195)
N, = 1 = 1 (cobwna 1oy
.4
M = b 1 = 1» = 4 k0 4 4 1|
! N C ol bater oation
Aleaoush the procoding discassion hag at rloces been in terms of

pochabtietie g cat it b pmobabibities or relatlve drequencies, rnopraci s
tr has boeen townd core convenlent not ta diytde cver pthiiag by 0 the rot
nambetr o1 o areet en,  vwd deal with oboerved or e Clmated occurrences, i
vsy with oargighe) o onfesta o, wCEikeY)y o, =CEel) o, xGaihe) o, x*(J_)I'Q)

npA(i_]lv Y, etes The analysis of tntormstlon g based on the fundamental

rebation (0.9 ftor the aninimun disceriminatlon Informstlon statlstics, Spe-
"‘ "" . v . I I3 .
citivaltiy 1 ap (u) v (w)  Psothe minimam diseclaination information
A N
| *
cutlmat e corresponding to a set “'1 of piven marpinals and xb(m) Is the
.
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(9.1) . ’ L
ZL(;g:nw) = 2[(<;:nn) + 210 1x7)

2Ry ZI(xb*:xf;) + 2'(;‘::::‘;)

with a corraspondiag dditive relation for the associazed degroes of

traedomn.

In terms of the representation in (3.4) or (5.7) or Figure 8.1 as
an expoaential family, for our discussion, the tuo extreme cases are the
unifora distribution for which all 1t's are za2ro, 2ad the observed con-
timgency table or discribution for which all N = rstu -1 <t's ara

needad.

s . * .

ilzasures of the form ZI(x:xa) s that is, the coaparison of an
observad coatingency table with an estimataed coatingzeacy table, are called
me2aguras of interaction or goodness-ot-fit. ileasuras of the form

ON . . : . N
Z'Cx;:xq) , comparing *wo estizaied contingancy fadlas, are callzd nea-—

suvas o: tazat is the eifact of the marsinals in the sac Eb buc
toz in tha2 S22z H. s otha2 faus ia 0 but oot i X7 . ia nora thos
B 0 2
2T(iivw’)  toazts a auli heewothasis rhat thz o oniunes o taa T ooarameters in
2 4 c - .
. . - T : - . 4 - - : -
tha repr23axtatica of the otsarvad conmcinsancey tiale (L) LUl nol Lx tha
- - RN . - 141 i 1 y o - :
ranzasansztion 38 che estimaze gobla 10(L)  arz2 soaro zad thz auzbar of
R
€
. 3o
ta2se fe3 is o fh2 nemozT ol Jesrras of (readon. sinilersly 2](:-:5':::3)

taests a hull aypotaesis tnat tae ues of the set of T parameters

val
‘in tne representation of tiie estimatel table xg(m) but not in -

tne representation of the estimated table x;(w) are zero and the

nuwer of these taus is the nuaber of degrees of freedom.

We summarize tie additive relationships of the m.d.i.
statistics and the associated degrees of freedom in the Analysis

of Information Table 9.1.
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TABLE 9.1

ANALYSIS OF INFORMATION TABLE

Component. due to Information D.F.
H, : Interaction Zl(x:x*) N
a a
b *
: Effe I(x :x - .
Hy : Effect 2 (xb :a) N N
Interaction 21(x:xb) Nb

*
Since measures of the form ZI(x:xa) may also be interpreted as measures
of the "variation uncxplained" by the estimate x: » the additive rela-

tionship leads to the interpretation of the ratio

* Lk % %
ZI(x:xa) - ZI(x.xb) = ZI(xb:xa)

(9.2)

* *
21(x.xa) ZI(x.xa)

%
as the percentage of the unexplained variation due to x, accounted for
*
by tie additional constraints defining X - The ratio (9.2) is thus
similar to the squared correlation coefficients asscciated with normal

distributions.

We remark that the marginals explicit and implicit of the estimated

* . *
table xa(;) which form the set of restraints H_ used to generate xq(u)

ara the same as the curresponding marginals of the observed x(.) table

TT{kin o ia

- G

app-oximat=ly a quadratic in the differences between the remaining mar-

and 2ll lower order (plied marsicals. It wmay be shown that

sinals of the x(w) table and the correspondiang ones as calculated from

%
the Xa(m) table.

Similarly ZI(xg:x:) is also approximately a quadratic in the
differences between those additional marginal restraints in Hb but not
%
in Ha and the corresponding marginal values as computed from the xa(u)

table. .

As may be seen, because of the nature of the T(w) functions

described in Section 7.1 or indicated in Figure 8.1, the 1t's are deter-

mined from the log-lincar regression Cquations (6.7) (sce (8.2) and (10.3))

18
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g3 st oot diinorens s of valuss b on ‘.7:(1‘ vty oL A varietly oi statig-
Sios boove boon poesnatod oot liternture Lo the anabysis ol coatingeoncy
Labie, whi Sotees i ditfereores of mareing! values or quadratics
in the o' oo the lincae combinatioas of lozarithes ol the obs:rved or
ostimsnad values.  The principle of mindmua dincrinination irformation
estination and its proccdures thus provides a unilying relationship since
such statistlcs may bo s2en as quadratic approximations of the ninizua
discriminacion inlormativa statistic. We remark that the corresponding
appcarximata Xz’s are vot geanerally additive,

We pention the aovpronimations in terms of quadratic forms ia the
marginals or thae ©'s 25 a possible bridge conaoecting the familiar pro-
cedures of classical reszression analysis and the pracedures proposed hare
to assist in undaerstanding and interpreting the analysis of information
tables. The covariance matrix of the T(w) functions or the taus can
ba obtained for either the observed table or any of the estimated tables,
as wvell as tha invarse2 natrices as part of the output of the genaral

computer prozram. See (10.4) to (10.9).

10 - Tne 2x2 Table

It way be useful tc recxamine the 2x2 table {rom the point of
view of the precediny discussion. The algebraic details are simple in this

case and exhibit the unification of the information theoretic development.

Suppose we have thc observed 2x2 table in Figure 10.1

x(11) | xQ12) l x(1.)
x21) | x(22) | x(2.)
x(.1) x(.2) | n

Figure 1l0.1

19




If we obtain the m.d.i. estimate fitcving the one-vway marginals, the
generalized independence hypolthesis is the classical independence hy-
pothesis and the minimw discrimination information estimite is x*(ij) =
®(1.)x(.j)/n . The representation of the log-lincar regression (6.7) as

in Figure 8.1 for the full medel is given in Yigure 10.2. The entries in

the coluans Tl , 12 . r3
i) L 'rl T, T
1 1 141 1 IQ—
1 2 1 J1
2 1 1 1
2 2 1

Figure 10.2

are, respectively, the values of the functions Tl(ij) , Tz(ij) , T3(ij)
associated with the marginals 61 = x(1l.) , 02 = x(.1) , 93 = x(11) ,
and the cclumn hcaded L corresponds to the normailzing factor (cthe

negative of the logarithm of the moment-generating function as in (6.7)).

We recall the interpretation of Figure 10.2Zas the log-linear

relations

-
- (1)
i/:,n—)%;r—=l,+rl+t?+13
(1u.1) %
{ in x(21) =L+ 1,
i nr &
{ )
\ on 2G2 |
\' nn
From (1lv.1l) we find
L= on (x(22)/u/4) ,
T = An (x(12) /x(22)) ,
(10.2) 1, = on (x(21)/x(22)) ,
1y ¢ on (x(11)x(22) /x(12)x(21))
20




or

L tn x(12; ¢
(10.3) T, fu ox(21) - 2
Ty Zn x(11) + 2

If we call 1

of Figure 1J.2 thit is,

I 1 1
(10.4) pot 100
1 0 1
1 0 0 07,
and define a diagonal matrix D with main diagonal! the elements x(ij) ,
that is,
x(1l) 0] 0 0
B 0 x(12) 0 0
(10.5) b=
0 0 x(21) 0
0 0 0 x(22)/ ,
then the estimate ot the covariance matrix of 01 = x(1.) , 92 = x(.1)
05 = x(1l1) for the vhserved contingency table is I = 527 1 where
‘A A
-=11 --u\ -
(lu.o) A= ( = 10T
\TS‘.Rl _:!2
y A A 2!
(10.7) Appor T By T A AN Ay
t
and éll is 1 x 1, 322 is 3 x 3, éﬂl = QIQ is 1 x 3 ., 1t is
found that
7 x(1)x(2.) x(1)xD x(1)x(2.)
Sl x(11) - -
n n n
o= x(11) ~ iﬁ}');ﬁ;ll Eg.l)z(.Z) x(11)x(.2)
- n

(lu.d) x(11)x(2.)

n

a x(22)
n x(22) ,

n x(22

-~ fn x(12) - 4n 2(21)

xUDsC2)
n

21

Lay
1n I'4

/

x(11) -

the matrix with coluans the column; of the desigu matrix




and the toaver o o

R 1 R
=012 (02) x(22) #(12)y  x(22)
(Lo.v) 70 A —~,J~.+ —‘— N S
- x (22 x(2L) <(22) x(21) x(22)
U S R SR O S0 N S S
x(12) «(2) x(21) x(22) x(11) x(12) "«(21) x(223 !

Ve rerark that the matrix ia(10.9) is the cevariance wmatrix of the t's
in (1V0.3). Similur results hold in general and for aestimated

tavles.

Note that the value of the logarithm of the cross-product ratio, a
measure of association or interaction, appears in the course of the analysis
as the value of 73 for the observed values x(ij) , and that Ty = 0 for
x*(ij) , the estimate under the hypothesis of independence, for which the
representation as in Figure 1U.2 '22s not involve the last column since it

is obtained by fitting the one-way marginals.

%
The log-linear relations for the estimate x (ij) are

*
Gon 20Dy 44
t na 1 2
)
%
. <>
(lnA(]'L) = L + ¢
nT 1
(10.1u) “
," .,*‘ 'y
Lon = = L+ o
i nw 2
X (22
\?,n x (22) =L
ni
wnere the pucerical values of L, T, in(10.10) depend on X and

divfer ifrom the values in (10.1).

The minimum discrimination information statistic to test the null
. . . * .
hypothesis or model of independence is  21(x:x’) with one degree of free-

dom, In this case the quadratic approximation is

n

. 2
(L0.11) 21(x:x") & (x(11) - XE2XCD) (;:L bt 1"1“) '
x (1) « (L2 x 2L x (72)

22
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*
Remembering that x (ij) x(i)x(3)/n , the right-hand side of (10.11)

may also be shown to be

(10.12) Xz = ¥ (((lj) - X(i.)?\'(Oj)//1\)2/3(—("‘;‘3‘.}((‘i')_ ’

. 2 . .
the classical y -test for independence with one degree of freedom. Another
test which has been prorosed for the null hypothesis of no association or
no interaction in the 2x2 table is
1
1 l+1

(10.13) {(2n x(11) + 2n x(22) - &n x{J2) - &n X(ZI))z(x(ll)+x(12)+x(21) <(27)

*
which may be shown to be a quadratic approximation for 2I(x:x ) in terms

of 13

not the estimated values. We remark that if the observed values are used

with the covariance matrix estimated using the observed values and

. . . . 2 .
to estimate the covariance matrix then inst 2d of the classical x -test in
(10.12) there is derived the modified Neyman chi-square

z R A W2 .
= ¢ (x(ij) - x(i)x(.3)/n) /x(ij) .

(10.14) Xy

11. An Analysis

In order to coordinate and relate the various detinitions, concepts,
parameters, ccmputational features, ~to. discussed .n the preceding sec-
ticns w2 shal: .onsider n detail the analysis of a sp2oific contirgemey

table,

Table 11.] is & four-way contingevcy table »f 15,053 men in a
training program , cross—-claussified on the variuples howe region

, level of education, race and program coumpietion. We deaote the
occurrences in the four-way cross—classification or contingency Table 33 1

by x(ijki) with the notation

Veriable | Index 1 2 3 4
Home Region i East North West South
Level of Pducation ] Below Ii.S. H.S. Above .S,
Race k White Non-vhite
Program g, Failed Passed .

23
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crosuceens intraining on hene region

ones to determine the effact of the addi-

wssocd ol interaction tau parameters.  The
cacle perntis we to fadpge the significaunce or

effects or interactiun tau parameters,

Since we are interested in

, level
n(ijk.) , x(...0)
*(ijv.)x(...£)/n 1is that

under the nell hypothesis or moedel o indopendence of success and the

joint variible (L. Jeylon

aclioin beluoen

Luceess and the Joint varciable.

, level ot education, race) or no inter-

In other words wa first

want to Jerermine wbheti v tae 24 colooas of Table 11, 1.re homogeneous

Or nLL Wil rosioedt

chie underiviv: probabil

tic: o passing «r failing.

The associated mod.i. statistic is

X
alx(iilkay /(i jat)) = 160,53

with 24 dogrees of ficedoem. We rejoot the hypolnesis of independence or
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a null hvpothenis or motel

%

tion of ¥ bLut not i

shadl took 1or vaplanatory effects,

o the complete soacmatic tor tue log-

The represeatation for the estimate of joiat

x(iik.) (...2)/n uses columns L-t7, 21-22,

the marginals explicit and wwplicit in the

*
5. We can also interpret 21(x:x ) as testing
taat the 273 tau paraweters iun the representa-

are - oo, that is, the paraneters corresponding

to columnms 14-2a, 2.2, 32-44,
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The vabine of 200 0t ) 1w oso large that ve reject the model of
joint iade o udence. e thercfore proceed to fit g sequence of nested
marginals il dnclalin o x(ijk.)  ant viriows covbinatiouns of two- and
three-way marpinaly cont iining succes 5 with other variables. We summa-
rize seme resalts in tae truacated Snawysis o of Informaticon Table 11.2.
Ve have not included al! the intermediste fitting sequences for concise-~
ness. We reoark that alrhough the reasure of the eftfect of additional
rarginals ¢ their associated parameters may vary asccording to the
sequence in wirich they have been added, significant etffects tend to
remain signiticant and non-significant effects tend to stay non-
significant ~o that the rirst overall survey should detemine the
estimates und interacztion parameters which warrant further investigation.
For example, the effect of adding =x(..k2) to x(ijk.) , x(i..8) ,
x(.j.2) is given in Analysis of Information Table 11.3 35 ZI(x::x:) -
1.410 with one degree of freedom, but the effect of adding x(..k&) to
x(ijk.) , x(ij.%) is given in Analysis of Informatian Tablell.2 as

ZI(x*:x ) = 1.239 with vne degree of freedom. In neither case is the

Q3 »

8

. , k2 .
& corresponding tau parameter T4 significant.

e

effcct o
The columns of Figure 11,1 which occur in the log-linear repre-

sentations of the estimates retained in Analysis of Information Table

11l. 2.31".'

Marrinals Fitted Estimate Columns of Figure 11l.1

wiiie.d,y nle. iy . x . 1-17, 21-22, 26-3}%
N(L5K.), G0iaa2), k(. 3.0) X 1-24, 26-31

x(iji.), x(ij.0) e 1-24, 26-37
x(ijk.), =(ij.2), =(..k8) xg 1-37 .

From the analytic form of the log-linear representation or by
taking differcaces of appiopriate rows of Figure 11.1yithin the columns
used for the estimate, the log-odds of fail to pass for each of the
estimates are given by the respective parametric representations in (11l.1)
where the superscripts relate to the variables and the subscripts range
over the possible indices. The values of the parameters depend of course

on the corresponding estimate.
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TABLE 11,2

ANALYSIS OF INFORMATION TABLL

Componeant Due to Information D.F.
x(ijk.), x(...%) 21(x:x*) = 160.551 23
a) x(ijk.), x(i..2), x(.§.2) zr(x::x*) = 138,732 5
ZI(x:x:) = 21.819 18
m)  x(ijk.), x(ij.2) ZI(x;:x:) = 7.384 6
ZI(x:x;) = 14.435 12
e) x(ijk.), x(ij.2), x(..kR) ZI(x;:x;) = 1.239 1
ZI(x:x:) = 13.196 11
* %
2I(x:x ) - 21(x.xa) 138.732 _
* = 760.551 ~ 0-86
2T(x:x") '
* *
2I(x:x ) - ZI(x.xm) _ 146.116 - 0.01
- .
M(xin) 160.551
* %
2I(x:x ) - ZI(x.xe) ) 147.355 - 0.92
: .
Ly 160.551
TABLE 11.3
ANALYSIS OF INFORMATION TABLE
Component Due to Information D.F.
a)  x(ijk.), x(i..2), x(.j.2) ZI(x:xz) = 21.819 18
’ x %
£)  x(ijk.), x(i..2), x(.j.2), x(..ko) 2I(xg:ix ) = 1.410 1
ZI(x:x;) = 20,409 17

28

- R S




* .
x (Ljkl)
P e

'VK < .":/-
\n(u 2)

b
-
+
-

X
xm(ijkl)
(L1.1) in -

a b i + it %jl
xm(leZ)

T T 5T Yin

#
-+

*

x (ijkl) . . .

Ln —g——————— = r; + r%i + r?i Tti + I%?i
x, (13k2) . J 1

“+

We recall that parameters with indices {1 = 4 and/or j = 3

and/or k = 2 and/or 2 = 2 are by convention set equal to zero.

*
We remark that xm(ijkl) , determined by fitting the marginals

x(1jk.) , x(ij.?) , is expressible explicitly as
*
(11.2) xm(ijkﬁ) = x(ijk.)x(ij.2) /x(ij..)

and is the estimate under a null hypothesis that race and success are
conditionally independent given home region and level of education.
In Analysis of Information Table 11,2 the value 2[(x:x;) = 14.435 ,

12 deprees of freedom, indicates an acceptable fit of this model. Fur-
thermore, ZL(x::x;) = 1,239 , one degree of freedom, implies that the
additional etrect of the marginal «x(..kl) 1is not significant or that
in the parametric representation of the log-odds in (11.1) the parameter
li measuring the effect of race on the dependent variable success is
not significant. Ve therefore investigate the estimate x; in greater

T

detail. 7The values of x:(ijkl) are given in Table 11,4.

*
In the expression for the log-odds under X in(11.1) Ti is

are the effects of home regjon and
ij2
ijl
effect of home region x level of education on program <completion.

it
il jl
level of education on program completion and =t

id
an overall average, 7| and T

is the interaction

The numerical values of the tau paramcters are given in Table 11,5 We
recall that by convention parameters with an index corresponding to

i =4 and/or j =3 andf/or L =2 are cqual to zero.
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TABLE 11.5

*
VALUES OF PARAMETERS ¥ LOG-0DDS TOR ;-;m N (11.1)

= 459347 Y- 0202078
] = 0.728653 3 - 0.689433
T, = 0.041549 réii = -0.602435
1 - -1.632427 régi = ~1.003045
3l = 1312903 réii = 1.137932
Il - 0.648130 ‘3%? = 0.360697

From the parametric representation of the log-odds in (1l.1l)and
the values in Table 11,5 one can determine differences in the log-odds
associated with changes in various categories. Thus the differences im
the log-odds (fail to pass) as one changes the home region , for fixed

ievel ot education,are given by

J E-N E-W E-S
Below H.S. 0.9970 0.7287 0.4362
H.S. 1.0007 1.3110 0.0392
Above H.S. 0.6871 2.3611 0.7287

The differences in the ldg—bdd§ as one- changes the level of education for

fized howe region are given by

Below H.S.-H.S. H.S.-Above H.S,
East 1.0817 -0.0413
North 1.0654 -0.3549
West 1.4420 1.0088
South 0.6648 0.6481 .

For easier intcrpretation, we convert the log-odds values to ratios

of the odds of failure,

3




J glN £l vfs

Below H.S. ‘ 2.7 2.1 1.6

H.S. 2.7 3.7 1.0
Above H.5. 2.0 10.6 2.1
Eelow H.S.JH.S. H.s./ Above H.S.
East 2.9 0.96
North 2.9 0.70
West 4.2 2.7
South 1.9 1.9

Note that thce odds of failure in training of a man with home
region East and Abuve H.S. level of education are 10.6 times the odds
of a man with the sare level of education but home region West,
Men with home region East or North but with level of education
H.S. do herter than men with same home region but Above li.S. level

of education.

* *
We have also computed the odds of failure xm(ijkl)/xm(inZ) and
listed the results in increasiag values. The odds are expressed to 1,000,

that is, 5 to 1,000, 6 to 1,000, etc,

Home region Level of Education Odds
West - Above H.S.
West H.S.
North H.S.
South Above H.S, 12
North Above H.S, 12
South H.S. 22
East H.S. 23
East Above H.S. 24
North Below H.S 25
West Below H.S. 26
South Below H.S. 43
East Below H.S, 67
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ke up a lorge vercentase or the

Note that the overall oddys of Tailure for this data are 3U1/13742 =

0.0226 or 23.

For ¢ase of comparison and inference, we alio list the foregoing

results by home region and level of cducatioan.

West North South East

| e
Above H.S. 2 12 12 24
H.S. 6 9 22 23
Below H.S. 26 25 43 67

12. Outlicrs

Ve dziine outliers as observations in one or more cells of a con-
ting=ncy table vhich apparently deviate significantly from a fitted nodel.

Taese cutlivres aay lead vne to reject a model which fits the other

observations.  For exatple, in multi-diwensional contingency tables in

Aiea vime or age i3 oaz of the classifications thera wmay ocecur an ige
fioct secit rnat a rodel may be rejectaed for the encire rable but a model
tabding the pussible aze offect into account amuay lead to an acceprable

partitioning of the model.

Tu oruer cases even though a nmodel seens to fit, the outliers con-
tribute wueca rore tuos toasonable to the meosure of deviation between the
Jitr aed che titted violbees of tihe model,  Tn athier vords, the outliers
“unvipliined variation'  2I0(x:x ) .

A clu to possible outlicers is provided by the ontput of the com-

noter program.  In the computer output for each estiaate five entries are
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Lt Citted ndin bR e d Ly

W e v te ores s ol e ot Tor P s e ase i the curse-

dpaindin Slesia Yy 0t e
proceduss . Doy e
oairtel cell, vals ‘

boie for the OUTT ok compuiat van

oot ine lebes i e fitring

OUVLLLE o

Pedeetton 1 thoe (‘uf("['.- ool rreedos 1s o one for cach

atec thoa say 0Y are of inrerest. The

aad interpretation tollows, Lot x

Jorote tao miolrme s Jlharriciaation antformation estiace e subject to cercain
i

marginal resteatets, et “ denote the minioun diserimination infor-
) .

marion esiLnate -ui) 0T

that the voluve g i

to the same narginal restraints as  x
a

) . sav, is not in:luded, so that xb(ul)

except

<

x(ml) .

The basic aatitivity property ot the winimun discrirination ivtormation

statistios states toe
21Cix ) =
a
or

21(x:x ) -
a

* IS w
P v e s
._I(..b.xa) + 21 (e

»

2[(7{:)'{:) = 2L(:<;::x:) .

These rosults are . marized in the Analysis of [nformation Table 12.1

TABLE 12.1

MGALYSLS OF

Componenc duz to

[

WFORHATION TABLE

Information D.F.

H
a

21(.\'.:'-:;,';) N

oo Came s H her omittiag \(])

p—

2[(:—:.{:::\";)

- 2[(\.\b) l\h:::'a—_ L
Bost
) L ,L\ . ;-:h(m)
" ) w0 s 4 N () T
i N} ' 2 ) . b X“(m)
\ IS 1 a
12,1
(12.1) ) X ()
Copd st b g () B =
‘{<|( VY ‘1 ‘-.‘t('.‘)
an’' ooolu ot sy Uty s o perty wadion el el the
34
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* ) [
= (m) N ‘s )
% ¢ () o 1’ e i ;-;“( g n Vo AL i
(12.2) e " oo R A A
] A.’ka T ”;i(’ﬁ)
.—.wl
)
* n v (i
(n ~ xb(ml)) in —-¥4%?-—£« s
n - : (ml
we et froan (l2.1)ehat .
L oxp(w)
o % N X('JI) % ‘Vzv_,‘]l
ZI(ﬁ)n:Q w2 xk~l) in ~;ZA;“4 (i Xb(m) in TR
(12.3) X 0 ! boox (W)
2~
x{(w,) n - x(wl)
= 2 x(ul) tn ——— + {n -~ x(wl))ﬁn m .
xa(ul) n - xa(wl)

The last value can be computed and is listed as the OUTLIER entry for each
*
cell o1 the computer output for the estimate X, - We remark that a

separate outlier computation for each cell is time consuming.
The ratio

* % ) * ok

E}fﬁ:xa) - ZI(x.xb) ) I(xb.xa)

(12.4) T S
ZI(x.xa) 2I(x.na)

then indicares the perocntage of the "unexplained variation" due to the

outliier /i1lue.

We shall Lllustrate tie outlier procedures and analysis using
data origilnally ¢given by H.F. Dorn (The relatvionship of cancer of

tne lung ana the use ot tobacco. American Statistician, 8(1954),

7-13) and anelyzed oy J. Corntield (A statistical problem arising

135-144).
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Cox (1970) considers a model in o whitoho the o latio
dliteronce is the same Lor K 1ndepenacn!t 2?2 cont ngency
tables. e detines « residual which should benave approximately
Lihe the posiduals for o random saaple freoem the unit nowmal
distribution. He 1llustrates nis graphical analysis with the
data originally given bv Dorn und analyzed by Cornfield as

nentioned above,

In Tablel2.lare listed the obsarvations from 14
rotrospactive studies on the possible association between
smoking arnd lung cancer. Ve denote the occurrences in
the three-way 14x2x2 contingz2ncy table by x(ijk) with

the rotation

Variuble Index: 1 2 3 <. e
. ‘
Scudy o1 jNo. 1 foNo. 2 HOo. 3 ... Tio. 1¢&
! ; ! !
Pacicnts g iControl I Lung coneoy i |
Smolking ‘ I iuonsmoker Sroker ! l

Do»3 tnis data show associabtion bhretwoean smoking and lung

cancer, and if so, is the assHciation homogeonoous over

iy

tne 12 ctudies? llece the metsace of asoncilation i1s che

- . - .
lojarichm of tho cross-product ratio.
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i

Tne hypothesis of conditional tndepondeace given the

Study

p(l") p(lo-) })(i'.)

(12.9) qop RUR o plye) plitk)

lmposes the restralnts on the estimate xg(ijk) that

(12.6) xz(ij-) = x(ij-)and xﬁ(i-k) = x(i-k) .

In fact xS(ijk) may be explicitly represented by
(12.7) xs(ijk) = x{ij*)x(i1k)/x(i--) .
Similarly the hypothesis of no second-order interaction

(12,.8) H,: p(ijk) = a(ij)b(ik)c(jk)

imposes the restraints on the estimate xg(ijk) that

(12.9) xﬁ(ij') = x(13°"), x§(i°k) = x{i-k), XE(.jk) = x(-3k) .

The estimate xg(ijk) cannot be represented d4s an explicit

function of the observed marginals.

In this study, the minimv.e discrizanation information
statisctics are loj-likelihond satio ehi-sipares and Lhe
asaociated analysis of Tartovination tanl. S~rmits us Lo

tesl tho goodnn a-o0f-1it of ho estivatos, aleo tnn o oofect
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The value ot 21 (:\':x:) whoen compare o N St
percentile ofoa ,;1 distribution sy ettt nalt
nypotnesls 0of no assoclatlon betwoesn s: wio and lunyg

cancer conditioned on the study i1s false.  This conditiunal
nypothesis allows tno accowrulation of Lntormation from
difterent studies without imposing the reguirerent that

tne popualation characterlistics of cach study be similar.
The rejection of thio conditional independence hypothesis
is of course expectoed. The degree of departure from
independence 1s functionally dependent on the study. Is
this dependence the result of a small subset of the studies
which are substantlially different from the remainder, or
does tihe departure vary along a continuum?

Tile value of zi(x*:xg) suggests that in accordance

2
witn (12.10) the value of ri§21.687 is significantly
different from zero. Moreover, ZI(x:xg) is also signiiicant
when compdred to the :-th percentile of 2 Kf3 distribution.

The vatue of ZI(x:xf) suggests thiat we reject thne null

hypotniesis of no secound-oraer lnteraction, that is, the

. . : k
model with a common value of the interactlion parameter Til’

i

not a good fit. The values of x5 are given in Table 12.3.

We now proceed to determine the outliers.
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o £3

Control Patiopts

e ————— S % Aoy = e e

Lungg Cancoer Patients

Study L.on~-Suoners smaiers ,(;:, oknrs r Smokgrs
1 ;T 14.01 ‘ 71.99 .99 83.01
2 | 47,86 207.14 514 . 89.86
3 é 19.99 80.11 ; 6.01 129.99
£ 0 132.16 i 389.83 | 4.84 77.16
5 % 130.03 ' 300.00 | 32.97 410.99
6 ' 105.06 - 674.94 i 16.94 588.06
7 15.47 i 170.53 i 1.5% 91.47
s | s57.06 | 1209.93 10.94 1346.08
o 27.15 | 105.85 2.85 60.15

10 f 85.21 529.79 13.79 263.21

L ! 32,62 261.39 19.38 708.62

1z 2.2 $55.77 12.77 505.23

13 L 6432 1721.66 31.50 458.33

14 27. 84 259.16 5.17 259,84
41
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Exanination ot the computar output ror xg using
all 14 studios showed a largest OUTLILR value of 18.14
for the cell (11,2,1). A new estimate fitting the mar-
ginanls x(ij.), x(i.k), x(.j)k) and omitting the cell
(11,2,1) was obtained. In fact Study 1l was onitted

because with the constraints for the new estimate

xg(ll,j,k) = x(11,j,k). Since this estimate yielded
(lZ.lZ)ZI(x:xg) = 28.40, 124d.f.

the deletion procedure was continued. We summarize the
results in Table 12.4 and Analysis of Information Table 12.5.

Table 12.4

Fitting x(ii.), x(1.k), x(.jk) witiv s2guential
slalion of studies

Largest OUTLIER

Stur - jio.s [ Cell value - IT~formation | D.F.
1- 1 ;(11,2,1)  18.14 G'”S?.”"”{SfEEfloZ 13
1-10,12-14 2 (5,2,1) 7.89 i 2x(z:xg)u23.4o£ 12
1-5,7-10,12-14 & (£,2,1) 4.57 ! 20 txg)=18.03 L 11
1-3,%,7-10,12-14  (7,2,1) 3.91 27 {:x2) 11,94 | 10
1-3,5,4-10,12-10 2002::%)= 7.03 9
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Tabl~ 12.5

Analystis ol Infor-ation

Component duc to Information ,-ND'EL_-
All 14 studies 2I(>::x§)»:55.19 13
Less 11 2I(xg:x§):2gf;;~ 1 B
21(x:xﬁ)=28.40 12
Less 11,6 T arxtixm-10.37 1
2I(x:xz)=18.03 11
Less 11,6,4 —“~E;7x§:xg{:~gjaé.“”-~aomm‘1“
21(x:x5)=ll.94 10
Less 11,6,4,7 21(x2:x5)= 1.92 1l
21(x:x2)= 7.03 9

Since (2I(x:x§) - 2I(x:x;))/2I(x:x5)
= 20(x%:x3)/21(x:x%) = 48.16/55.19=0.87 we see that the
four studies numbered 4,6,7,11 contributed 873 of the
"unexplained variation” 2I(x:x§) . The values of the

estiruite are given in Tablel2.6. The value of the

v X
e

log c¢ross-product ratio is

x;(ill{ x2(122)

(12.13) 0% = ¢y = 1.55, i=1-3,5,8-10,12~14 .

et *
xe(112) xe\12l)
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Table 12.0

X% (1)
e

Control Iitients E,,.J:B’}fﬁi Cancer Patients
Study Hone arokoess 0 Lmokers i Hon-5mokaers ¢+ Smokers
v 13.09 77,32 3. 32 82.69
2 E 12,45 o 227.53 3.54 89.47
3 19.40 é 80. 60 6.60 i 129.40
5 i 125.85 ' 303.18 36.15 i 407.83
8 ! 55.79 é 1301.21 12.21 g 1344.80
9 26.50 ; 106.20 ; 3.20 { 59.80
10 g 83.61 531,30 15.39 461.62
12 § 60.81 ! 457.20 14.19 503.81
, ,

15 639.35 i 1725.64 3 35.66 454.36
1 27. 21 | 259.76 5.76 259.24
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Ve note that Cox (1970) in analyzing the data of

Table 12.lconclucded that studies 8,6, and 11 were outliers.

4

—

For the 14 studios he found a residual sum of squares 47.7

3

with 13 deyrees of freedom. With studies 8, 6, and 11
omitted he found a residual sum of squares 15.1 with 10
degrees of freedom. (Cox (1970) p. 83 gives the degrees
of freodem as 11, a misprint).

Following the procedure described when Studies 6,
8, and 11 were omitted the results led to the Analysis of

Information Table 12.7. Note that omitting Studies 11, 6,
4 as per Table 12,5 accounts for more of the unexplained

variation. Table 12.7

Analysis of Information

Comrponent due to Information D.F.

All 1 studies 21(x:x§)=55.l9 13

Loss 6,82,11 2I(x§:x§)=4l.62 3
21(x:x§)=13.57 10

Tha sequential procedure discussaed herein was also

applicd to data relating father and son professiong
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publishied by Karl Pearson (1904), "on the theory of

contingency and its relation to association and normal

correlation," reprinted in Karl Pearson's Early Papers,

Cambridge University Press, 1948, and considerced by

Fienverg (1909) and Good (1956). Using the Pearson data
Fienverg obtained an X2 = 184.9 with 44 out of 196 cells
deleted whereas the sequential procedure led to an X2 = 155.3

with 25 cells deleted.

13. Zero Marginals

As may be noted from the analysis in Section 11, zero
occurrences in cells of the observed contingency table
present no special problem provided that no marginal entering
into the fitting specification is zero. When the latter is
the case, however, the interpretation may be distorted
because of inflated degrees of freedom. A procedure to
circumvent this proplem is similar to that used for getting
revised estimates when outliers are indicated. We shall
present the procedure in terms of a specific example.

The following data resulted from a study of Christmas
tree consunption. We are indebted to Dipl. Forstwirt Dietrich
V. Staden, Institut f. Forstbenutzung, Universitaet Goettingen
for the data and permission to use it. 1In Table 13.1 are
listed responses to the guestion "Did you have a Christmas
tree in your apartment/house last year or not?" according to

size of household and size of city. We denote the occurrences
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in the three-way 2x9x5 contingency talble by ~(1k) with the

notation

Variable : index 1 2 3 1 5
. . R R e ‘ . e ‘
Tree ! i oves No |
i t ' '
: .' , ;
Houseihold size! j i 1 2 3 | 4 i 5
: |
City size k <2000 2000 20004 100000 ¢ 500000,

to Lo to or
200004§ 1000007 500000 more

For a 2x9x5 KxCxD contingency teable we compute an
estimate under a hypothaesis of no second-order interaction
by fitting all the two-way marginals. Call this estimate
xi(ijk). A test for the null hypothesis of no second-order

interaction is given by

2002 x(ijk) n ::(11';})( = 20(x:x8) , 32 D.F.
30

If there is no second-order interaction then the associations
betwecen R and C, R and D, ¢ and D are the same tor all values

of the third variable, that is,

xi(ljk)xg(zﬁk)
tn §3173§7§3775ET depends only on j,

x;(ljk)xi(ZjS)
Ln 25(2jk)X§le57 depends only on k,

x3(i3k) x3(i95) |
{n qﬁm‘;m is independent of 1.
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witiiin thnls mode!l o test whoether tae 0 0 0 o0 o lesR) conp-
tribute:s signilrcantly 1s ootatued Ly conpat Coan e aimate
frtring the marginals ~(uype), x(* (k)Y ool ol th
estildate xg(ijk), whiloelh can boe oxpressed as xQ(xik)
N{ig*)x(=jRK)/x(1*) . We rceogniae xﬁ(t|n) aothie est heate
unaer anbypothesits of conditional indepondencs of R and D

given C. We now agave Analysis ot Intorwat ton table V3,0,

Table 13.2

Component due to Intformation D,

Conditional independencuoe

of R and D given ¢ 2L(x:xs) 3o
Etfect of x(1*k) yiven

x(1j~) and x(*jk) 2L(x$:x£) 4

Nu second-order
intcraction 2[(x:x§) 22

For the particular data in guestion however, boecause
x{(ijk)=0 for j-u,7,8,9, i=. and also lor some ot =1,
j=7,8,9, the estinates for the ontries cortvesponding to
x*{i1jL} for 3=6,7,8,9 both lor xE and A& will not difi.or
frow the observed valus.  Accordingly lebt us compute an
estimate x;(i)k) which 1s obtained by fitting the two-way
marginals of the 2x<5x3 table §=1,2,3,4,9%9 and xf(ijk)=x(i}k),
j=6,7,8,9. similarly let x:(i)k)~x(ij')x('ik)/x(-j-) Lor

thoe 2x5x5 table 3-1,2,3,4,9% and x(’f(ijk) sx{ijk), j=6,7,8,9,
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We now find

Taple 12.3

Component due to Information D.F.

Conditional independence

of R and D given C 2I(x:xé)=25.532 20
"Effect of x(i*k) given . '

x(1j+) and x(-jk) 2I(x¥:x%)=5.821 4

No second-order
interaction 21(x:x§)=l9.7ll 16

Note the reduction in the degrees of freedom between Table 13.2
and Table 13.3. It is also interesting to note that when
actually carrying out the procedures for Table 13.2, the same
estimates and statistics were obtained as for Table 13.3. See
Table 13.4 and 13.5, Table 13.6 and 13.7.

It seems reasonable to conclude that the purchase of a
Christmas tree is independent of the size of the city given
the size of the household (j=1,2,3,4,5) and households of
size 6,7,8,9 seem almost sure to buy Chrisimas trecs,

The log-odds for the purchase ot a Chrlstmas tree as a
function of household size is yiven 1in Table 13.8. The
probability estimate for a purchase as a tunction of household

size 1s given in Table 13.9.

Table 13.8

En (x(13k)/x3(23k) = £n (x(1j-)/x(23*))

j=1  -0.2586
2 0.8662
3 2.1702
4 3.4012
5

2.3716
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,I‘u!)lk_’ ]j.q
XLy, niry-y
g=1 61/140 = U.4357
2 2147304 - v 703
3 219,/244 = 0U.8975
4 180/186 0.9677
5 75782 = 0.91ds

For more complex situations thore 1s also the log-linear
analysis, which 1s of course available for this problem too,
but 1t would not add anything to the analysis of this

particular data.
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